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Magnetic reconnection requires, at least locally, a non-ideal plasma response. In collisionless space and astrophysical
plasmas, turbulence could permit this instead of the too rare binary collisions. We investigated the possible influence
of turbulence on the reconnection rate in the framework of a single fluid compressible MHD approach through simula-
tions of a double Harris and force free current sheets, with finite guide magnetic fields. The goal is to find out, whether
unresolved, sub-grid for MHD simulations, turbulence can enhance the reconnection process in high Reynolds number
astrophysical plasma including force free and guide magnetic field. For this sake we solve, simultaneously with the
grid-scale MHD equations, evolution equations for the sub-grid turbulent energy and cross helicity according to Yokoi’s
model1 where turbulence is self-generated and -sustained through the inhomogeneities of the mean fields. This way
we consider the feedback of the turbulence into the MHD reconnection process. The MHD equations together with
evolution equation for the sub-grid turbulence are solved with a second order accurate in time and space MacCormack
scheme. Harris and force free sheets are simulated in a box using double periodic boundary conditions. A small pertur-
bation of the magnetic field, satisfying ∇ · B = 0, is used to trigger reconnection. It has been shown that the turbulence
timescale controls the regimes of reconnection.2 New results are obtained about the dependence on resistivity for large
Reynolds number for Harris-type as well as force free current sheets with guide field. We interpret our results about
obtaining the limit of fast magnetic reconnection and obtained important relation between the molecular and turbulent
resistivity. The turbulence timescale τt, parametrising the sub-grid model controls the regime of reconnection rate in
both Harris and force free current sheets. It decides whether reconnection takes place or if the system is just turbulent.
The amount of energy transferred from large to the small scales is enhanced in case of fast turbulent reconnection and
energy spectra are used to interpret the obtained regime of reconnection. The overall process is even faster for larger
Reynolds numbers controlled by the background molecular resistivity η, as long as the initial level of turbulence is
not too large. This implies that turbulence plays an important role on fast reconnection at situation of large Reynolds
number while the amplitude of turbulence can still be small.
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I. INTRODUCTION
Magnetic reconnection is the most efficient process to con-
vert stored magnetic energy into plasma kinetic energy and
heat. For the Sun, reconnection is at the origin of many dy-
namical processes in the corona such as CMEs or solar flares.
Based on Parker’s model of reconnection through a current
sheet,3 the rate of energy conversion during reconnection is as
small as ∼ S −1/2 where S is the Lundquist number (Reynolds
number for the Alfvén velocity vA). A typical Lundquist num-
ber for the solar corona is of the order of 1012, giving an as-
sociated time scale t ≈ √S L/vA ≈ 0.3 years.4 On the other
hand, the duration of the impulsive phase of a flare is of the
order of 100s. Different plasma processes has been proposed
for enhancing reconnection such as Petchek’s model. For col-
lisionless plasmas kinetic models were developed,5 anoma-
lous resistivity have been used,6,7 Hall effects were taken into
account8,9 as well as plasmoid instabilities10 in MHD. On the
other hand in astrophysical plasma turbulence is ubiquitous
and in-situ observation in the solar wind show a close relation
between magnetic reconnection and turbulence.11,12 It was
proposed that turbulence can lead to fast reconnection13–15
a)Electronic mail: widmer@mps.mpg.de
with a reconnection rate MA  0.1. Since reconnection is
multiple scale process where large scale magnetic field sup-
plies the small scales where diffusion takes place, an impor-
tant open question is how to bridge the gap of this multiple
scale interaction. One possible way to increase reconnection
in the Sweet-Parker scaling is to increase the thickness of the
diffusion layer such that it is comparable to its length. Turbu-
lence might provide such situations. For instance, the theory
of turbulent reconnection by Lazarian and Vishiniac proposes
that the effective thickness of the diffusion layer is largely
increased by the stochastic movement of the magnetic field
lines.14 However, the dynamics of mean fields is largely af-
fected by turbulence, through enhanced transport effects while
at the same time, large scale fields determine the properties of
turbulence. In this sense, treating turbulence and mean-field
simultaneously instead of imposing turbulence as an external
component of any (astro-)physical process is necessary. In sit-
uation of high Lundquist number, mean field approach is well
suited since it can easily handle turbulence which, in such
situation, reduces to statistical quantities. However in most
astrophysical plasmas the extreme space- and astro-physical
parameters do no facilitate numerical simulations of turbulent
reconnection with realistic parameters. In such situation, the
magnetic Reynolds number is ∼ 1012 and it is therefore im-
possible to resolve all scales of turbulence even numerically.
In fact, the number of grid points necessary for direct nu-
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2merical simulation (DNS) would be O(R9/4e ) which is far too
much for existing computing system. For that reason, mod-
elling of MHD turbulence is necessary. In particular, e.g.,
two approaches to turbulence are used: large eddy simula-
tions (LES) with sub-grid scale (SGS) terms and Reynolds
averaged Navier-Stokes (RANS) equation solvers. The LES
based models allow that the resolved fields vary in space while
only some part of the fluctuations are included (for example
non-linear Smagorinsky-type model16). RANS models, on the
other hand, model the effect of the sub-grid scale turbulence
by solving evolution equations only for the mean field. These
kinds of modelling provide a powerful and effective way to in-
corporate turbulence in numerical simulations. Such descrip-
tion of RANS MHD modelling where turbulence is generated
and sustained by the inhomogeneities of the mean fields, has
been presented to increase reconnection.17 The generation of
turbulent energy, localised around the diffusion region of re-
connection by a turbulent cross-helicity (cross-correlation be-
tween magnetic-field and velocity-field fluctuations) plays the
role of a turbulent diffusivity enhancing reconnection. By
means of this model, reconnection can be made fast, bridg-
ing the timescale discrepancy between theory and observa-
tion. Of course a confirmation of mean field models is re-
quired even though mean field approach of turbulence as been
able to successfully reproduce the Alfvénicity of the solar
wind18 and that the expression of turbulence for the electro-
motive force (equation (1)) has been confirmed by direct nu-
merical simulation (DNS) for a Kolmogorov flow.19 Here in
this paper, we apply a RANS model17 to compressible MHD.
We utilize a simplified approach that contains a free param-
eter, the turbulence timescale.2 The effect of this parameter
on the reconnection process for Harris equilibrium has pre-
viously been shown to control the regime of magnetic en-
ergy release, as laminar reconnection, turbulent reconnec-
tion, enhancing the reconnection rate strongly, and turbulent
diffusion regime. We investigate the three regimes of re-
connection for a Harris equilibrium with guide field and de-
pendence on the resistivity by carrying out large Reynolds
number simulations. We also investigate the consequence
of an out-of-plane guide magnetic field considered to be
co-aligned or anti-aligned with the mean current density.
In addition, the influence of the initial turbulence in the system
is tested by varying the initial (constant) background resistiv-
ity as well as β0 related in the model to the initial amount of
turbulent energy in the system. A spectral analysis approach
of the kinetic and magnetic energy is presented in order to un-
derstand the physical process controlling the different regimes
found for different initial amount of turbulence in the system.
Finally, to study these effects in a more realistic equilibrium
for solar corona, current force free sheets are considered. Ki-
netic simulations have shown an effect of strong guide fields
on non-linear phase, through a Harris or force free equilib-
rium, in delaying the reconnection process as well as to reduce
the maximum reconnection rate.20,21 This was also seen in
MHD experiments.4 We show that a RANS turbulence model
reproduces a decreased reconnection rate in the presence of a
strong guide field. We conjecture that this reduction, even in
two dimensions, is due to the turbulent magnetic helicity (α
effect) on the reconnection rate. Remembering, however, that
in three dimensions the situation could be different.
II. TURBULENCE MODELLING
The turbulence model we are going to use is based on a
Reynolds decomposition where instantaneous physical quan-
tities are divided into mean and turbulent ones: f = F + f ′
where the capital letter stands for mean field F = 〈 f 〉 and
〈...〉 is the ensemble average for which 〈 f ′〉 ≡ 0. Applying
the decomposition to the induction equation, an electromotive
force (EMF)
〈
v′ × b′〉 appears in the mean induction equation
which can be written as a function of the mean quantities
〈u′ × b′〉 = −βµ0J + γt √µ0ρΩ + αB (1)
Here Ω = ∇ × U is the curl of the mean velocity and the
coefficients β, γt and α have to be determined. In turbulent
reconnection, the modeling of the turbulent diffusivity β is ex-
tremely important and must represent the reduced informa-
tion of averaged turbulence. In the framework of the present
model, statistical quantities are chosen to represent the coef-
ficients in (1), such that the turbulent magnetic resistivity β is
related to the turbulent energy K, the γ term to turbulent cross-
helicity W and the α term to the turbulent helicity H which are
statistically defined as:
K =
1
2
〈
u′2 +
b′2
µ0 〈ρ〉
〉
(2)
W =
1
2
〈
u′ · b′√
µ0 〈ρ〉
〉
(3)
H =
〈
−u′ · ω′ + b
′ · j′
〈ρ〉
〉
(4)
The modeling of the turbulent transport coefficient by these
statistical quantities is
β = CβτtK (5)
γt = CγtτtW (6)
α = CατtH (7)
with Cβ, Cγt and Cα model constants and τt the timescale of
turbulence. The derivation and physical origins of the model
expression (1) have already been presented.1 Note that in the
following we will not consider α related term in the electro-
motive force, even though it may play an important role in
two dimensions when an out-of-plane guide magnetic field
is considered. In such a case B · J will be the main source
for (magnetic) turbulent helicity. If no guide magnetic field
is considered, the turbulent helicity H will vanish identically
due to mirror symmetry of the current sheet equilibrium used.
3III. BASIC EQUATIONS AND NUMERICAL
IMPLEMENTATION
A. Resistive MHD with sub-grid model equations
Sub-grid turbulence, as defined under section II, are added
to the MHD equations for a compressible, isotropic plasma
and solved consistently with GOEMHD3 code.22 In order to
close the system of equations, evolution equations for the tur-
bulent energy K and cross-helicity W, for which effects of
mean-field inhomogeneities are taken into account, are used
together with the full system of mean field MHD dimension-
less equations (8)-(13)
∂ρ
∂t
= −∇ · (ρU) (8)
∂ρU
∂t
= −∇ ·
[
ρU ⊗ U + 1
2
(p + B2)I − B ⊗ B
]
+ χ∇2ρU(9)
∂B
∂t
= +∇ ×
(
U × B + 〈u′ × b′〉
)
+ η∇2B (10)
∂h
∂t
= −∇ · (hU) + γ − 1
γhγ−1
(ηJ2 +
ρK
τt
) + χ∇2h (11)
∂K
∂t
= −U · ∇K − 〈u′ × b′〉 · J + B√
ρ
· ∇W − K
τt
(12)
∂W
∂t
= −U · ∇W − 〈u′ × b′〉 ·Ω + B√
ρ
· ∇K − cwW
τt
(13)
where the symbols ρ, U, and B denote the mean variables,
density, velocity, and the magnetic field, respectively. Note
that the mean entropy h is used instead of the internal energy
in order to have the equation in conservative form. The en-
tropy is related to the thermal pressure by the equation of state
p = 2hγ for the ratio of specific heats for adiabatic conditions
γ = 5/3. The entropy is conserved if no turbulence, Joule
or viscous heating is present. The current density is calcu-
lated via the Ampere law as µ0J = ∇ × B. The symbol I
denotes the three-dimensional identity matrix. The molecular
resistivity of the plasma is given by η. The parameters χ are
used for stability, they are switched on locally if the derivative
of the associated quantity (for example ρU in the momentum
equation) has a minimum (maximum). The set of equations
(8)-(13) uses dimensionless variables obtained using a typi-
cal length scale L0, a normalizing density ρ0 and magnetic
field strength B0. The normalization of the remaining vari-
ables and parameters is given by p0 =
B20
2µ0
for the pressure,
UA =
B0√
µ0ρ0
for velocities, and τA for the Alfvén crossing
time over a distance L0. The current density is normalized by
J0 =
B0
µ0L0
, the resistivity by η0 = µ0L0UA and the energy by
E0 = B20L
2
0/µ0. Finally turbulence quantities are normalised
by K0 = U2A, W0 = U
2
A for the turbulent energy and cross-
helicity and by the Alfvén crossing time τA for the turbulence
timescale τt. In equations (12)-(13), the production term (PK)
of the turbulent energy K and the production of the turbulent
cross-helicity (PW ) are given by
PK = τt
(
CβK
J2
ρ
−CγtW
Ω · J√
ρ
)
(14)
PW = τt
(
CβK
Ω · J√
ρ
−CγtWΩ2
)
(15)
which shows that the mean current density J and the mean
vorticity Ω play an important role in turbulence production.
Since the cross-helicity always have the same sign as the mean
vorticity (see figure 2), its generation will always act to reduce
the production of turbulent energy.
B. Numerical implementation
In order to deal with the non-linearity of the turbulence term
in the evolution equations (12)-(13), a MacCormack scheme
(a second-order spatial finite difference method and second-
order in time) is used within the GOEMHD3D code instead
of a staggered-grid leap-frog scheme. MacCormack is an ex-
plicit two-step approach solving first a predicted value (QPr)
then a corrected one (QCo) and finally use the mean of these
values for the final result. In conservative form, for a variable
Q and a flux F, the scheme reads
(QPr)n+1j = Q
n
j −
∆t
∆y
(
Fnj+1 − Fnj
)
(16)
(QCo)n+1j = Q
n
j −
∆t
∆y
(
Fnj − Fnj−1
)
(17)
Qn+1j =
1
2
(
(QPr)n+1j + (QCo)
n+1
j
)
− ∆tS n (18)
where the variable j stands for spatial coordinates and n for
temporal ones. The S term represents source terms like ∇2B,
ηJ2, ρK/τt and the diffusive terms proportional to χ. This
form of the scheme is applied to equations (8)-(11) which are
written in conservative form plus the source terms. This is un-
fortunately not the case for equation (12)-(13). There the vari-
ables on the right-hand side are treated like source terms with-
out flux and computed as in (16)-(18) but with the F terms set
to zero. The source terms are then computed by the predicted
values (S nPr) and corrected ones (S
n
Co) advanced similarly as
(18)
(QPr)n+1i = Q
n
i, j − 2∆tS nPr (19)
(QCo)n+1i = Q
n
i, j − 2∆tS nCo (20)
Qn+1i, j =
1
2
(
(QPr)n+1i, j + (QCo)
n+1
i, j
)
(21)
IV. SIMULATION SETTINGS
In the reconnection plane perpendicular to the initial current
sheets, dimensions are given by the unit vectors ey (across the
current sheets) and ez (along the current sheets), ex is the out-
of plane direction. The typical length scale is the half width L0
of the sheets. The box size is 0.4 × 64 × 64L30 and the number
4of grid points is 4×1026×1026. Each current sheet halfwidth
is initially resolved by 16 grid points. In the presentation of
the results of the simulations the half width L0 and asymptotic
magnetic field B0 are chosen to be equal to 1. The initial con-
ditions for the turbulent energy K and cross-helicity W are the
same in each equilibrium and are
K = 0.001 (22)
W = 0 (23)
A. Double Harris current sheets
The initial conditions for the Harris equilibrium are
ρ = 1 (24)
U = 0 (25)
B = B0
(
tanh
(
y + d
L0
)
− tanh
(
y − d
L0
)
− 1
)
ez (26)
h =
1
2
(
1 + βp − B2
) 1
γ (27)
where L0 is the current sheet half width, B0 is the asymptotic
value of the magnetic field and βp is the plasma beta normal-
ized to the asymptotic magnetic field B0. The position of the
sheets are given by ±d = ±16L0. In order to trigger reconnec-
tion, a perturbation is imposed in accordance with ∇ · B = 0
as
− δbper cos(2piz/Lz + pi/2) sin(2piy/Ly)2ey (28)
−δbper LzLy sin(2piz/Lz + pi/2) sin(4piy/Ly)ez (29)
where Li = (L/L0)ei, for i = x, y, z are the normalized lengths
and δbper is the magnitude of the magnetic field perturbation.
B. Force free current sheets
Since for most of the solar corona the plasma beta βp =
2µ0p2/B2 is smaller than unity, the field can be considered as
force-free. Hence for solar applications it is appropriate to
consider force-free current sheets with J × B = 0 initially. In
particular, we assume the following force-free current sheet20
ρ = 1 (30)
U = 0 (31)
B = +B0
√
b2g + cosh
2
(
(y + d)
L0
)
+ cosh2
(
(y − d)
L0
)
ex
+B0
(
tanh
(
y + d
L0
)
− tanh
(
y − d
L0
)
− 1
)
ez (32)
h =
1
2
(
βp
) 1
γ (33)
where bg is the guide field normalised by the asymptotic mag-
netic field, i.e., bg = Bg/B0. To trigger the reconnection
process, the same initial current sheets perturbation (28)-(29)
-0.3
-0.2
-0.1
 0
 0.1
 0.2
 0.3
-30 -20 -10  0  10  20  30
Ma
gn
itu
de
L0
Bg=1Bg=5Bg=10
Figure 1. Initial in-plane current for different guide field bg
is applied as in our investigation of the Harris-type current
sheets. For equilibrium (30)-(33), the initial current density is
according to Ohm’s law
J = cosh2
(
y + d
L0
)
+ cosh2
(
y − d
L0
)
ex (34)
+
tanh
(
y+d
L0
)
cosh−2
(
y+d
L0
)
+ tanh
(
y−d
L0
)
cosh−2
(
y−d
L0
)
√
b2g + cosh
−2 ( y+d
L0
)
+ cosh−2
(
y−d
L0
) ez (35)
In this model the in-plane current Jez decreases as the guide
field bg increases (see figure 1). Note that that the current
sheets are around at ±16L0
V. SIMULATION RESULTS
We characterize the evolution of the magnetic reconnection
by calculating the reconnected magnetic flux
φ
B0L0
=
zX∫
zO
Bydz
B0L0
(36)
where z0 is the ’O’ point location in the center of the magnetic
island and zX is the ’X’ point location. The integration over dz
is carried out along the center of the current sheet. The recon-
nection rate is the time derivative of the magnetic reconnected
flux (36) as
MA =
∂tφ
(B0L0/τa)
(37)
A. Case of a Harris-type current sheet without guide field
The consequence of varying the turbulence timescale τt is
investigated by varying τ ≡ τt
τ0
, where τ0 = 1√Cβ
√
ρ√
µ0
1
|J | . Study
already carried for an Harris equilibrium without guide mag-
netic field.2 This is done solving equations (8)-(13) with initial
turbulence (22)-(23). Figure 2 is the spatial distribution of the
mean current density J, mean vorticityΩ , turbulent energy K
and turbulent cross-helicity W taken at the time of the recon-
nection peak. The turbulent energy K is located around the
diffusion region where the current density accumulates and
5the cross-helicity as a quadrupole structure around the dif-
fusion region, similarly to the mean vorticity, reflecting its
pseudo-scalar nature. It has to be noted that the cross-helicity
has the same sign as the mean vorticity. It can be seen on fig-
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Figure 2. Spatial distribution of (a) mean current density J, (b) mean
vorticity Ω, (c) turbulent energy K and (d) cross-helicity W in Harris
equilibrium at t = 250τA for η = 10−3 and τ = 1.3
ure 3 and 4 that the turbulence timescale controls the regime
of reconnection, e.g., for τ = 1.3 the reconnection process is
the fastest. Since the turbulent energy acts as a turbulent re-
sistivity localized in the diffusion region (figure 2), different
values of the molecular (constant) resistivity are tested which
correspond to a variation of the Reynolds number. In our nor-
malisation, the Reynolds number is the inverse of the molec-
ular resistivity. According to dimensional analysis of the re-
connection rate, the Alfvén Mach number MA in the inflow
region, according to the Sweet-Parker (SP) model should be
proportional to
√
η. Assuming a steady state, a similar deriva-
tion to the resistive MHD gives
M2A = η + β
(
1 +
|γ|
β
η3/2
)
(38)
This equation shows that for η  β the reconnection should
be similar to an SP current sheet while for η  β turbulence
should dominate the reconnection rate as long as the initial
level of turbulence is not too large. With a growing turbulence
level, the ratio |γ|/β  1 and the reconnection rate is enhanced
by both β and γ. For MHD turbulence, it has been shown that
by decreasing the molecular resistivity, the rate of reconnec-
tion is increased at the nonlinear stage.13 According to (38),
for a small molecular resistivity (large Reynolds number) the
β term should be the leading term for the reconnection rate.
Figure 4 (b) shows that indeed a decreased molecular resistiv-
ity results in an enhancement of the reconnection rate, limited
numerically to a minimum of η = 10−6 after which the recon-
nection rate does change anymore since numerical resistivity
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Figure 4. Reconnection rates at 250τA for different parameters
associated with the finite grid resolution is reached. This im-
plies that the reconnection rate is controlled by turbulence in
a high Reynolds number plasma.
The energy spectra discussed in section VII give an expla-
nation to the earlier growth of the reconnection rate for smaller
η (larger Reynolds number). At the peak of reconnection more
energy is transfered for η = 10−3. This limit explains why
the reconnection rate is slightly higher for η = 10−3 than for
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Figure 5. Relation between turbulence and reconnection. (a) Maximum current density J, vorticity Ω and their ratio. (b) Maximum turbulent
energy K, cross-helicity W and their ratio. (c) Relation between |Ω|/J and |W |/K. Solid line η = 10−3, dashed lines η = 10−6
smaller values. It has to be noted that the initial turbulence
level is in this case β0 = 1 · 10−3 giving η/β0 = 1 initially. In
the limit of β → ∞ the system behaves like a perfect conduc-
tor. An increase of the Reynolds number by a decrease of the
molecular resistivity will also fasten dynamical processes of
the simulation, explaining the earlier occurrence of reconnec-
tion in the case of large Reynolds number (but not an increase
of its maximum value). These findings are in accordance with
previous studies.13 This implies that a higher Reynolds num-
ber (smaller molecular resistivity) causes stronger turbulence
leading to fast reconnection. The turbulence therefore deter-
mines the rate of fast reconnection. Figure 5 illustrates an-
other interesting result: when the ratio |Ω|/|J |  1 saturates.
This corresponds to reaching a maximum value of the recon-
nection rate for fixed parameters η and τ. This situation also
correspond to reaching a maximum value of the ratio |W |/K
which represents the level of turbulence for the model. Since
J2, Ω2 and Ω · J are the main sources of the turbulent energy
K and the cross-helicity W, their saturation will result in a sat-
uration of the turbulence. In the framework of the turbulence
model, the equation for the additional magnetic induction δB
created by the cross-helicity, can be expressed in steady state
as23
δB =
γt
β
U = ℵW
K
U (39)
For a given large scale (mean) magnetic field B0 and ℵ a
model constant of order O(10−1). Supposing that the mean
current density J is the source for the additional magnetic in-
duction δB across the current sheet, the ratio can be written
as
|Ω|
J

U
δB
∆
L
(40)
where ∆ is the width of the diffusion region and L its length.
Using expression (39), one can write
|Ω|
J

(
ℵW
K
)−1 ∆
L
(41)
Since the reconnection rate for an Harris-type current sheet is
given by the aspect ratio ∆/L, the ratio |Ω|/J together with the
value of the reconnection rate gives an information about the
amount of turbulence present in the system in the framework
of the RANS model. Using the values at the peak of reconnec-
tion from figure 4 (b) and for the ratio |W |/K in (41) (figure 5)
, for a molecular resistivity η = 10−3 and τ = 1.3, results in,
approximatively, 1 which is the value of |Ω|/J seen in figure 5
when the reconnection rate reaches a maximum. Figure 5 (c)
shows the time history of this comparison for ℵ = 0.1. The
value of ℵ determined by (41) is also plotted in the figure, it
has very large initial value since the mean vorticity is small
during the first t = 50τA. It confirms that the model constant
should be of the order O(10−1).
B. Effect of the initial amount of turbulence
The rate of magnetic reconnection is highly dependent on
the ratio η/β, it is increasing for low values of the molecular
resistivity. This can be understood by the energy spectrum
at different times of the reconnection process as discussed
in section VII. Figure 16 show that before the reconnection
β
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Figure 6. Maximum value of the reconnection rate as a function of
β0 and η for the Harris equilibrium (bg = 0)
peak is reached for η = 10−3 not as much energy is trans-
fered to smaller scales as in the case of smaller η. However,
a large initial value of turbulence, represented by the quan-
7tity β0 = CβτK0, will delay or even suppress the onset of
reconnection (figure 6). A large value of turbulence in the
system can be given either by a large τ or a large K0. If at
the initial state too much turbulence is imposed, then no re-
connection takes place and magnetic diffusion dominates in
similar situation as large τ (figure 7) while the reconnection
rate reaches a maximum when η = β0. In the present work
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Figure 7. Reconnection rates of the Harris equilibrium without guide
magnetic field varying β0 for τ = 1.3
the constant turbulent timescale τ and turbulent energy K are
treated as separate quantities and can so independently pro-
duce fast reconnection or turbulent diffusion. However, the
algebraic relation between the turbulent timescale and the tur-
bulent energy explain the similar behavior obtained by either
a large τ or large K0. The regimes obtained by variation of
K0 is only an artefact of the algebraic model for the turbu-
lence timescale. A more realistic model thus requires that the
timescale of turbulence is determined by turbulence itself, by
solving, for example, evolution equations of quantities repre-
senting a turbulence timescale such as K0 and . In such a
case, it is clear that only the turbulence timescale, determined
by K0/, will distinguish if laminar reconnection, turbulent
reconnection or turbulent diffusion will take place.
C. Case of Harris-type equilibrium with finite external guide
field
Since the addition of an external constant guide field
bg = Bg/B0 does not change the equilibrium properties of an
Harris-type current sheet, the effect of an out-of-plane guide
magnetic field is tested on turbulence. Three different values
of the guide field are considered and their sign is also changed
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Figure 8. Reconnection rate for different value of the guide field
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Figure 9. Maximum reconnection rate in time for different guide
magnetic field bg in Harris equilibrium
such that bg · J < 0 and bg · J > 0. When the guide field is co-
aligned to the mean current density, reconnection is affected in
two ways. On one hand the maximum value reached is smaller
and on the other hand the time needed for the system to reach
the maximum value of the reconnection rate is increased (fig-
ure 9). As similar situation is obtained for an anti-aligned
guide magnetic field even though it produces faster reconnec-
tion than an co-aligned one (figure 8) Following the same pro-
cedure as for the derivation of equation (38), the reconnection
rate (Alfvén Mach number) can be rewritten as
M2A = η + β
(
1 +
|γ|
β
η3/2
)
− α√η (42)
Equation (42) shows how depending on the sign of α, the re-
connection rate is expected to be enhanced or decreased de-
pending on the strength and the alignment on the guide mag-
netic field bg with the mean current density J. Note that for
a larger Reynolds number, the influence of the turbulent mag-
netic helicity on the reconnection rate would be decreased.
The effect of a strong guide field in two dimensions will there-
fore, as we showed using a RANS theory, play a important
role in magnetic reconnection.
8D. Force free current sheets
For better applicability to the solar corona current sheets,
we investigated the role of turbulence described by a RANS
turbulence theory for force free current sheets with a guide
field bg in the out-of-the-reconnection-plane direction. The
values tested for the guide magnetic field are the same as in
the Harris equilibrium: 1, 5 and 10. The turbulence timescale
τ controls the regime of the reconnection similar to the Harris-
type equilibrium case (section V A) but for the fastest recon-
nection which is now obtained for τ = 1.2 (figure 10). For
bg = 5 and 10, the maximum reconnection rate is lower than
in the Harris-type and the force free bg = 1 case (as seen in
figure 10). As shown when the turbulent magnetic helicity H
is taken into account,24 a strong guide magnetic field reduces
the reconnection rate because of the generation of a strong
turbulent magnetic helicity H acting against the production of
turbulent energy K. Even though the term related to α describ-
240 250 260 270 280 290 300
t/τA
0.000
0.005
0.010
0.015
0.020
0.025
0.030
0.035
0.040
0.045
t
φ
/(
B
0
L
0
/τ
A
)
0.35
1.0
1.11.2
1.3 1.4
1.5
240 250 260 270 280 290 300 310
t/τA
0.000
0.005
0.010
0.015
0.020
0.025
0.030
0.035
0.040
0.045
t
φ
/(
B
0
L
0
/τ
A
)
0.3
1.0
1.1
1.2 1.3
1.5
(a) Harris (b) Force free bg = 1
250 260 270 280 290 300 310
t/τA
0.000
0.005
0.010
0.015
0.020
0.025
0.030
0.035
0.040
0.045
t
φ
/(
B
0
L
0
/τ
A
)
0.3
1.0
1.1
1.2
1.3
1.5
265 270 275 280 285 290 295 300
t/τA
0.000
0.005
0.010
0.015
0.020
0.025
0.030
0.035
0.040
0.045
t
φ
/(
B
0
L
0
/τ
A
)
0.3
1.0
1.11.2
1.3
1.5
(c) Force free bg = 5 (b) Force free bg = 10
Figure 10. Maximum reconnection rates in time, τ = 1.3 and η =
10−3
ing the turbulent magnetic helicity is not used in the present
simulations, a similar reduction of the reconnection rate is ob-
tained. The reason is that a strong guide field reduces the
effect of turbulence on the magnetic reconnection rate as pre-
dicted by equation (42). A possible cause is that the mean cur-
rent density and vorticity grow earlier in the force free equi-
librium but reach a smaller value than in the Harris-type equi-
librium (see figure 11). In the model turbulence is driven by
J2, Ω2 and their product. Hence less turbulence is produced
in the force free equilibrium than in Harris-type equilibrium.
The reason of the decreased turbulence production is again
that the main current density and vorticity are reduced by the
presence of the guide field. As the Harris equilibrium, the re-
connection rate is faster for larger Reynolds number. It also
is dependent on the molecular resistivity but after decreasing
it lower than 10−6 there is no significantly faster magnetic re-
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Figure 11. Time history of the maximum current density J and vor-
ticity Ω in force free equilibrium for τ = 1.2 and η = 10−3
connection produced since the numerical resistivity level is
reached. Hence, again, turbulence plays an important role for
reconnection when the Reynolds number is large as is the case
in most astrophysical plasma.
VI. GUIDE FIELD AND HELICITY RELATED TERM
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Figure 12. Reconnection rate for a guide field of 5 at fixed time for
different τ, η and β0
In the framework of the current turbulence model, the tur-
bulent magnetic helicity related term proportional to α may
take the form
Dα
Dt
' −1
β
〈u′ × b′〉 · B ' J · B (43)
Hence, in the case of an out-of-plane finite guide magnetic
field, whether in the parallel or anti-parallel direction with re-
spect to the mean current density and electric field, the turbu-
lent magnetic helicity may play a role even in two dimensions.
In order to understand the role played by a guide field, the α
term can be estimated using expression (43). In a Harris-type
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Figure 13. Turbulent magnetic helicity related term for different
guide field bg
equilibrium, the sign of the guide field can be reversed to ob-
tained an anti-alignment of the electromotive force with the
out-of-plane guide magnetic field. Figure 13 shows that the
turbulent magnetic helicity related term is, in two dimensions,
a function of the guide field, increasing with it and follow-
ing its sign. The turbulent magnetic helicity related term is
therefore a function of the guide field: α 7→ α(J, bg). Consid-
ering it in the main contribution of the production of turbulent
energy leads to
1
τt
Dβ
Dt
' −〈u′ × b′〉 · J = βJ2 − αB · J − γΩ · J (44)
Since the sign of α is the same as B · J, the turbulent helicity
will always contribute to decrease the production of turbulent
energy together with the cross-helicity. Rewriting the mag-
netic field in (1) as B = Bb(1 + Bg/Bb), where Bb refers to
the background magnetic field, shows that a large guide field
will efficiently suppress the turbulent energy production and
so decrease its effect as turbulent diffusivity affecting the re-
connection rate.
VII. ENERGY CASCADE
In order to better understand how a specific value of the
turbulence timescale parameter τ influences the regime of en-
ergy dissipation change from a laminar to a turbulent diffusive
state passing by a turbulent reconnection regime, we plot the
energy spectra for the kinetic and magnetic energy at two dif-
ferent times; When the reconnection rate increases and when
the reconnection peaks. For this two times, the energy spe-
tra for the different τ as well as for the resistive MHD (no
turbulence) case are plotted in figure 14. The energy bump
present at small scales for all simulations are numerical arte-
facts due to the finite grid size. Looking at the kinetic en-
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Figure 14. Energy cascade for different τ, Harris equilibrium
ergy spectra, it can be seen that for values of τ = 1.0 and
1.3, the energy is larger than for 0.3 and 1.5. This timescale
range corresponds to the turbulent reconnection regime (fig-
ure 4). The kinetic energy is already increased by turbulence
in comparison to the resistive MHD case. When the turbu-
lent reconnection starts, the kinetic energy for 1.0 and 1.3 is
similar while the kinetic energy for τ = 1.3 is approxima-
tively two orders of magnitude larger than for τ = 1.0 when
the reconnection rate reaches its maximum. Also the width of
the inertial range is much larger. For τ = 0.3, on the other
hand, the cascade in each situation perfectly matches the re-
sult for the resistive MHD reconnection explaining the similar
reconnection rate for this specific τ at which no turbulence
is produced. Only small amounts of energy are transported
from the large to small scales. Therefore the evolution of the
current sheet is not driven by turbulence but is purely in a
’laminar’ non-turbulent regime. Finally, for τ = 1.5, turbu-
lence is so strong that energy is just diffused away on large
scales in short time. Later the energy is lower than resistive
MHD case and the inertial range of the turbulence cascade
is very short. Hence a too high intensity of turbulence does
not lead to faster reconnection since practically no energy is
transfered to the smaller scales. This is in accordance with
the trend seen in figure 7 and more explicitly in figure 6. The
magnetic energy spectra (figure 14), which represent the mag-
netic energy at the beginning and at the time of maximum
reconnection, clearly show that for τ = 1.3 a large amount
of energy is transfered from large to small scales at the maxi-
mum reconnection rate. This energy transfer results in a larger
reconnection rate compared to the other time scales of turbu-
lence. Especially this can be seen comparing with τ = 1.5 for
which even less energy is transfered than in the case of resis-
tive MHD reconnection. The different energy transfer explain
the different regimes of reconnection observed in the different
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Figure 15. Time average of the energy cascade for different τ, η =
10−3, Harris-type equilibrium
equilibria as first pointed out for the Harris equilibrium with-
out guide magnetic field.2 A better understanding of turbulent
reconnection can be reached by looking at figure 15. The fig-
ure clearly show that, in average, a large amount of energy is
transfered from the large to the small scales for τ = 1.3 while
only a small amount is transfered for τ = 1.5. A similar analy-
sis can be done for the different values of the molecular resis-
tivity. The total energy spectrum (figure 16) shows that at the
time of maximum reconnection rate more energy is transfered
to the small scales for η = 10−3 than for smaller value of the
molecular resistivity. Figure 17 depicts the time average for
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Figure 16. Total energy spectrum for different η, τ = 1.3, Harris-type
equilibrium
different molecular resistivity. Increasing the Reynolds num-
ber (decreasing the molecular resistivity η) to larger value in-
creases, in average, the energy transfer from large to small
scales. This explains the earlier start of reconnection for a
smaller resistivity in comparison to larger ones. However, the
same amount of energy is transfered to the small scales. This,
in turn, explains why decreasing the resistivity does not cause
a larger reconnection rate. This also emphasises the impor-
tance of the turbulence for high Reynolds number. This is es-
pecially important for astrophysical plasmas whose Reynolds
number may be of 1012. The energy spectra clearly show the
role played by turbulence in the transport of energy from large
to small scales and its important role for fast reconnection.
VIII. DISCUSSION AND CONCLUSIONS
In all considered Harris and force free equilibria, magnetic
reconnection is influenced by MHD turbulence through the
turbulence timescale τ and the molecular resistivity η. As pre-
dicted by a dimensional analysis (equation (38)), the recon-
nection rate is faster for smaller values of the resistivity. This
is mainly due to the turbulent energy, related to the β term,
which acts as a turbulent resistivity localised in the center of
the diffusion region. The effect of the turbulent cross-helicity,
on the other hand, is important for the localisation of the tur-
bulent energy around the diffusion region. The production of
turbulent energy and cross-helicity, PK (14) and PW (15), en-
hances the β− and γ−terms proportional to the mean current
density J and the mean vorticity Ω, respectively. By decreas-
ing the molecular resistivity, steeper magnetic and velocity
gradients are generated, hence the mean current density and
vorticity are increased (figure 5 (a)). This will, therefore, fas-
ten the production of turbulence, as it can be seen in figure 5
(b). The latter leads to faster magnetic reconnection. The en-
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Figure 17. Time average of the energy cascade for different η, τ =
1.3, Harris-type equilibrium
ergy spectrum allows to understand the different regimes of re-
connection in turbulence as they are controlled by the amount
of turbulence and consequently by the energy transport. The
different regimes, laminar reconnection, turbulent reconnec-
tion and turbulent diffusion, are directly related to the amount
of energy transfered from large to small scales which largely
depends on the initial amount of turbulence represented by
β0 = τK0. For a fixed K0, it is τ which dictates the regimes
while a variation of K0 for a fixed τ is responsible for the dif-
11
ferent regimes of reconnection which will be turbulent diffu-
sive if the initial level of turbulence is too large. Too high level
of initial turbulence is either obtained for τ  1 or for a large
K0 compared to the molecular resistivity. These limits corre-
spond to the small amount of energy transfered to small scales
as well as small rate of magnetic reconnection obtained either
by large τ or large K0. However, like discussed in section V B,
it is only an artefact of the algebraic modelling of the turbu-
lent timescale. For instance, if the timescale of turbulence is
represented by τ = K0/, where  is the dissipation rate, then
τ  1 → K0   and the transport of energy by  through
the energy cascade towards the smaller scales is limited. In
this picture, β0 = K20/ and it is only when the turbulent en-
ergy is of the order of its dissipation rate that the reconnection
rate can be enhanced by turbulence in situation of large mag-
netic Reynolds number. Therefore it is only the turbulence
timescale which should control the reconnection regimes. A
more realistic picture of mean field turbulent reconnection
will be obtained by a closure for the turbulence timescale
obtained from the non-linear dynamics of turbulence.
In situation of high Lundquist number, the Reynolds num-
ber due to turbulence is larger than the one based on molec-
ular resistivity η/β0 ≡ RT /R > 1. In such situation a large
amount of energy is transfered to smaller scales resulting in
an efficient turbulent reconnection. The energy spectrum av-
erage over time for different resistivity allows also to under-
stand better the earlier start of reconnection for a smaller re-
sistivity since larger amount of energy is transfered compared
to the case of a larger resistivity. Decreasing the value of η
will enhance the reconnection rate since it does not result in
a higher initial value of turbulence in the sense that the sys-
tem still has K0 ' . Oppositely, increasing the initial turbu-
lence, by increasing τ or K0, to a level causing β0 to be greater
than the molecular resistivity η leads to smaller amount of
reconnected flux since in such situation K0  . This sit-
uation is similar to the case of large τ as discussed previ-
ously. A larger Lundquist number (smaller molecular resis-
tivity) allows steeper magnetic and velocity gradients which
are the main source for the production of the turbulent energy
and cross-helicity. Their production is fastened and turbu-
lence can enhance the rate of magnetic reconnection earlier.
Hence we confirmed the results stating that the turbu-
lent RANS model produces three different regimes of
reconnection,2 laminar reconnection, turbulent reconnection
and turbulent diffusion regimes, controlled by the turbu-
lence timescale τ and provided an explanation of the regimes
through the energy spectrum.Varying the molecular resistivity
η, we could show that production PK and PW can be enhanced
for a larger Reynolds number, based on the molecular resis-
tivity, since it will increase the velocity and magnetic field
gradients. The latter is the main source for the production of
turbulence which, in turn, results in fast magnetic reconnec-
tion for higher Reynolds number. The relation between turbu-
lence, mean fields inhomogeneities and reconnection has been
pointed out by the relation (41). Finally, we estimated that the
α term may also play an important role in the reconnection
process even in two dimensions when an out-of-plane guide
magnetic field is considered and that turbulent magnetic helic-
ity related terms is depending on the guide field. Its counter-
balancing effect to turbulent diffusivity decreases the turbulent
transport enhancement. Hence it may decrease the amount of
reconnected flux in two dimensional reconnection which may
explain the suppression of the reconnection rate in the force
free current sheets.
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